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Frqwuroolqj Fkdrv lq d Prgho zlwk Khwhurjhqhrxv
Eholhiv
Vwhskdq Khlolj dqg Udlqhu Vfkùeho
Mdqxdu| 46/ 5334
Devwudfw
Lq wklv sdshu zh jhqhudol}h d fkdrv frqwuro phwkrg ghyhorshg e| Rww/ Juherjl/
dqg \runh +4<<3, wr frqwuro vdggoh srlqwv lq U zklfk duh hpehgghg lq d vwudqjh
dwwudfwru ri d fkdrwlf v|vwhp1 Rxu jhqhudol}hg phwkrg dgplwv wr frqwuro dq|
xqvwdeoh htxloleulxp lq U 1 Zh dsso| rxu qglqjv wr frqwuro wkh g|qdplfv ri
wkh fkdrwlf dvvhw sulflqj prgho ri Eurfn dqg Krpphv +4<<;,1 Lq wklv prgho
fkdrwlf sulfh pryhphqwv duh fdxvhg e| khwhurjhqhrxv pdunhw sduwlflsdqwv1 Zh
lqwurgxfh d frqwuro dxwkrulw| zklfk wudghv wkh ulvn| dvvhw olnh wkh rwkhu pdunhw
sduwlflsdqwv1 Xvlqj rxu frqwuro dssurdfk/ lw lv srvvleoh iru wkh dxwkrulw| wr
vwdelol}h wkh pdunhw sulfh zlwk plqlpxp hruw1
4 Lqwurgxfwlrq
Gxulqj wkh odvw 53 |hduv fkdrv wkhru| ehfdph dq lqfuhdvlqj hog ri lqwhuhvw lq hfr0
qrplfv dqg qdqfh/ d hog zklfk ruljlqdoo| durvh iurp sk|vlfv dqg pdwkhpdwlfv  1
 Xqlyhuvlw| ri W elqjhq/ Vfkrro ri Hfrqrplfv dqg Exvlqhvv Dgplqlvwudwlrq/ Prkovwu1 69/ G0:53:7
W elqjhq/ Jhupdq|/ skrqh= .7<0:3:405<:0:30;;/ id{= .7<0:3:4088039055/ h0pdlo= vwhskdq1khloljCxql0
wxhelqjhq1gh/ fruuhvsrqglqj h0pdlo= udlqhu1vfkrhehoCxql0wxhelqjhq1gh
 Oruhq} +4<96,/ dqg Pd| +4<:9,1
4
Ixqgdphqwdo zrun zdv grqh e| Gd| +4<;6,/ Ehqkdele dqg Gd| +4<;5,/ Judqgprqw
+4<;8,/ dqg Vfkhlqnpdq dqg OhEdurq +4<;<,1
Fkdrwlf v|vwhpv zlwk lwv huudwlf  xfwxdwlrqv jlyh xv d eurdghu shuvshfwlyh dqg
dq lpsuryhg xqghuvwdqglqj ri revhuyhg hfrqrplf dqg qdqfldo wlph vhulhv1 Lqvwhdg ri
dvvxplqj olqhdu uhodwlrqv dqg xvlqj olqhdu vwrfkdvwlf yduldeohv wr ghvfuleh huudwlf ehkdy0
lru/ fkdrv wkhru| doorzv wr prgho  xfwxdwlrqv hqgrjhqrxvo|1 Lq d fkdrwlf hqylurqphqw
wkh h{lvwlqj dwwudfwru lv d qrq shulrglf ruelw1 D wudmhfwru| vwd|v lq wklv dwwudfwlqj
vhw zlwkrxw uhdfklqj dq| srlqw wzlfh1 Wklv dwwudfwlqj vhw lv fdoohg d vwudqjh dwwudfwru1
Wudmhfwrulhv rq wklv vwudqjh dwwudfwru h{klelw vhqvlwlyh ghshqghqfh rq lqlwldo frqglwlrqv1
Wklv lv nqrzq dv wkh exwwhu | hhfw= D vpdoo lqwhuyhqwlrq lq wkh prgho kdv d kljk
lpsdfw rq wkh wudmhfwru|1 Diwhu d vkruw wlph wkh wudmhfwru| glvsod|v d frpsohwho| gli0
ihuhqw sdwk wkdq zlwkrxw wklv lqwhuyhqwlrq1 Krzhyhu/ wkh joredo ehkdylru ri fkdrwlf
prghov lv vlplodu wr vwrfkdvwlf prghov= Ioxfwxdwlrqv duh huudwlf dqg xqsuhglfwdeoh lq
wkh orqj uxq1
D uhfhqw dvvhw sulflqj prgho edvhg rq fkdrwlf sulfh  xfwxdwlrqv lv jlyhq e| Eurfn
dqg Krpphv +4<<;,1 Lq wkhlu prgho khwhurjhqhrxv jurxsv ri lqyhvwruv zlwk glhuhqw
h{shfwdwlrqv iru wkh ixwxuh pdunhw sulfh jhqhudwh ghpdqg dqg vxsso| iru wkh ulvn|
dvvhw1 Wkh uhvxowlqj sulfh lv dq htxloleulxp sulfh zklfk fohduv wkh pdunhw1 Ghshqglqj
rq wkh vxffhvv ri suhylrxv suhglfwlrqv pdunhw sduwlflsdqwv wkhq dgdsw wkhlu ixwxuh sulfh
eholhiv1 Wkhvh dgdswlrqv ri lqyhvwruv* eholhiv jlyh wkh prgho wkh qhfhvvdu| qrqolqhdu
vwuxfwxuh wr doorz fkdrwlf g|qdplfv1 H{whqvlrqv ri wklv prgho kdyh ehhq vxjjhvwhg e|
Fklduhood dqg Kh +4<<<, dqg Jdxqhuvgruihu +5333,/ uhfhqwo|1
D frpprq lqwhuhvw ri pdunhw sduwlflsdqwv lv wkh uhgxfwlrq ri sulfh yrodwlolw|1 Krz0
hyhu/ li pdunhw  xfwxdwlrqv duh vwrfkdvwlf/ wkhuh lv qr srvvlelolw| wr uhgxfh yrodwlolw|
zlwkrxw lqwhuihulqj lq wkh pdunhw surfhvv1 Rq wkh rwkhu kdqg/ li  xfwxdwlrqv duh fkdrwlf
wkhuh h{lvwv d uvw frqwuro dssurdfk ghyhorshg lq wkh sk|vlfv e| Rww/ Juherjl/ dqg
\runh +4<<3, +RJ\,1 Wkh| vwdelol}h vdggoh srlqwv hpehgghg lq wkh vwudqjh dwwudfwru
 Khwhurjhqhrxv prghoolqj ri dvvhw pdunhwv duh lq olqh zlwk wkh uhfhqw olwhudwxuh1 Vhh h1 j1 Eurfn
dqg Krpphv +4<<:d,/ Gd| dqg Kxdqj +4<<3,/ Gh Irqwqrxyhooh +4<<9,/ dqg OhEdurq +4<<<,1
5
ri d fkdrwlf 50glphqvlrqdo v|vwhp rqo| zlwk vpdoo shuwxuedwlrqv1 Vpdoo lqwhuyhqwlrqv
duh vx!flhqw gxh wr wkh vhqvlwlylw| ri d fkdrwlf v|vwhp1 D vxffhvvixo dssolfdwlrq ri
wklv phwkrg zdv vkrzq lq d folqlfdo h{shulphqw e| Jduqnho/ Vsdqr/ Glwwr/ dqg Zhlvv
+4<<5, zkr frqwuroohg d fkdrwlf khduw ehdw zlwk vpdoo hohfwulf sxovhv1 Lq vrfldo vflhqfhv
wklv phwkrg zdv uvw lqwurgxfhg e| Kro|vw/ Kdjho/ Kddj/ dqg Zhlgolfk +4<<9, lq d
prgho ri wzr frpshwlqj upv zlwk dv|pphwulfdo lqyhvwphqw vwudwhjlhv1! Krzhyhu/ wklv
phwkrg lv uhvwulfwhg wr frqwuro vdggoh srlqwv lq U 1
Wkh sodq ri wklv sdshu lv dv iroorzv= Lq Vhfwlrq 5 zh vkrz krz wkh RJ\ dssurdfk fdq
eh h{whqghg wr frqwuro dq| xqvwdeoh htxloleulxp dqg jhqhudol}h lw iru fkdrwlf v|vwhpv
lq U 1 Lq Vhfwlrq 6 zh dsso| rxu frqwuro dssurdfk wr wkh fkdrwlf dvvhw sulflqj prgho
ri Eurfn dqg Krpphv +4<<;,1 Zh dvvxph wkh h{lvwhqfh ri d frqwuro dxwkrulw| zklfk
zdqwv wr uhgxfh pdunhw yrodwlolw| e| vwdelol}lqj wkh dvvhw sulfh rq lwv ixqgdphqwdo
ydoxh1 Lw dfwv olnh dq ruglqdu| pdunhw sduwlflsdqw jhqhudwlqj ghpdqg ru vxsso| iru
wkh ulvn| dvvhw1 Krzhyhu/ iru wkhvh lqwhuyhqwlrqv wkh frqwuro dxwkrulw| kdv rqo| olplwhg
uhvrxufhv dydlodeoh1 Doehlw/ lq d fkdrwlf hqylurqphqw lw lv deoh wr vwdelol}h dq| xqvwdeoh
htxloleulxp zlwk rxu dssurdfk1 Vhfwlrq 7 frqfoxghv1
5 Frqwuro phwkrg
Zh xvh wkh vhqvlwlylw| surshuw| wr frqwuro fkdrwlf v|vwhpv zlwk plqlpdo shuwxuedwlrqv1
Rqo| vpdoo lqwhuyhqwlrqv duh qhfhvvdu| wr fdxvh kxjh yduldwlrqv dorqj wkh v|vwhp wudmhf0
wru|1 Lq dq| vwudqjh dwwudfwru wkhuh duh htxloleuld ri glhuhqw shulrgv hpehgghg1 Wkhvh
 D vdggoh srlqw srvvhvvhv d vwdeoh dqg dq xqvwdeoh pdqlirog1 Urxjko| vshdnlqj d vwdeoh pdqlirog
ri d {hg srlqw lv d vxuidfh frqwdlqhg lq wkh skdvh vsdfh ri d g|qdplfdo v|vwhp zklfk kdv wkh surshuw|
wkdw wudmhfwrulhv vwduwlqj rq wklv vxuidfh zloo frqyhujh wr wkh {hg srlqw1 Wudmhfwrulhv rq wkh xqvwdeoh
pdqlirog glyhujh iurp wkh {hg srlqw/ uhvshfwlyho|1 Vhh Zljjlqv +4<;;,/ ss1 591
!D glhuhqw dssurdfk wr frqwuro xqvwdeoh htxloleulxpv zdv vxjjhvwhg e| Urphludv dqg Gd|dzdqvd
+4<<5,/ dqg Vklqeurw/ Juherjl/ Rww/ dqg \runh +4<<6,1 Wkh| xvh wkh sroh sodfhphqw phwkrg/ dq
dssurdfk zklfk lv zhoo nqrzq iurp dssolfdwlrqv lq hqjlqhhulqj vflhqfhv= Vhh h1 j1 Rjdwd +4<<3,/ ss1
::91 Wklv phwkrg zdv xvhg e| Nddv +4<<;, wr frqwuro d fkdrwlf pdfurhfrqrplf prgho1
6
htxloleuld duh qhyhu uhdfkhg e| dq xqfrqwuroohg wudmhfwru| ehfdxvh wkh| duh xqvwdeoh
dqg kdyh d uhshoolqj qhljkerukrrg1 Krzhyhu/ e| zdlwlqj wloo wkh wudmhfwru| frphv forvh
wr wkh vdggoh srlqw dqg wkhq sxvklqj lw zlwk d vpdoo lqwhuyhqwlrq rqwr wkh vwdeoh pdq0
lirog/ wkh fkdrwlf v|vwhp fdq eh vwdelol}hg dqg wkh wudmhfwru| frqyhujhv wr wkh vdggoh
srlqw1 Wkh lqwhuyhqwlrq whqgv wr }hur wkh forvhu wkh wudmhfwru| jhwv wr wkh vdggoh srlqw1
Wklv surfhgxuh jxdudqwhhv rqo| vpdoo lqwhuyhqwlrqv lq wkh prgho zklfk gr qrw ghvwur|
wkh ryhudoo fkdrwlf ehkdylru1 Zh qrz vkrz krz wklv frqwuro lghd fdq eh h{whqghg wr
frqwuro dq| xqvwdeoh htxloleulxp lq U 1 
Ehfdxvh lqwhuyhqwlrqv wdnh sodfh rqo| li wkh wudmhfwru| lv forvh wr wkh xqvwdeoh {hg
srlqw/ lw lv vx!flhqw wr frqvlghu lwv olqhdul}hg qhljkerukrrg1 Dvvxph/ wkh fkdrwlf pds
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Xvlqj wkh hljhqyhfwruv i
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 Zh uhvwulfw rxu glvfxvvlrq rq frqwuroolqj {hg srlqwv/ exw wkh surfhgxuh wr frqwuro htxloleuld ri
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Wkh frqwuro wdujhw lv wr gluhfw wkh wudmhfwru| rq wkh vwdeoh pdqlirog ri wkh {hg srlqw1
Wkh vwdeoh pdqlirog lv d vxevsdfh ri wkh vwdwh vsdfhZ"  U rq zklfk doo wudmhfwrulhv
frqyhujh wr wkh {hg srlqw iru | $ 41 Lq frqwudvw/ rq wkh xqvwdeoh pdqlirog wkh
wudmhfwrulhv frqyhujh lq qhjdwlyh wlph | $ 4 wr wkh {hg srlqw1 Lq wkh olqhdul}hg
qhljkerukrrg ri wkh {hg srlqw wkh hljhqyhfwruv ri wkh Mdfreldq a vsdq wkh vxevsdfhv
ri wkhvh pdqlirogv1 Wkh hljhqyhfwruv zlwk hljhqydoxhv mb
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m 	  vsdq wkh vwdeoh pdqlirog
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j1 Wkh wudmhfwru| rq wkh vwdeoh pdqlirog kdv wr eh
ruwkrjrqdo wr wkh xqvwdeoh pdqlirog1 Li lq d ?0glphqvlrqdo vwdwh vsdfh wkh xqvwdeoh
pdqlirog lv E?60glphqvlrqdo +? : 6, zh qhhg ?6 frqwuro yduldeohv R
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wr gluhfw
wkh wudmhfwru| gxulqj rqh shulrg rq wkh vwdeoh pdqlirog1 Zh dvvxph wkh shuwxuedwlrqv
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Vhh dsshqgl{ D14 ru wkh ghulydwlrq ri htxdwlrq +7,1 ` frqwdlqv wkh ghulydwlyhv ri u
zlwk uhvshfw wr wkh frqwuro yduldeohv R
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6 lv d pdwul{ frqvlvwlqj ri wkh yhfwruv u
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1 Wkhvh duh wkh frqwudyduldqw edvlv yhfwruv wr
wkh hljhqyhfwruv i
#
1 Wkh frqwuro lv vwduwhg dv vrrq dv wkh wudmhfwru| lv forvh wr wkh
{hg srlqw dqg wkh frpsxwhg shuwxuedwlrqv gr qrw h{fhhg wkh pd{lpxp ydoxh BT
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Lq fdvh wkh {hg srlqw kdv qr vwdeoh pdqlirog/ krzhyhu/ wkhuh lv qr vxevsdfh rq
zklfk d wudmhfwru| frqyhujhv wr wkh htxloleulxp1 Wkh frqglwlrq wr gluhfw wkh wudmhfwru|
lqwr wkh {hg srlqw wkhq vlpso| lv { 
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Lq htxdwlrq +8, wkh yhfwru zlwk wkh shuwxuedwlrqv ri wkh frqwuro yduldeohv BT
 
lv ?0
glphqvlrqdo1 ? frqwuro yduldeohv duh qhfhvvdu| wr frqwuro wkh wudmhfwru| gxulqj rqh
shulrg vwudljkw lqwr wkh {hg srlqw1
Zlwk htxdwlrqv +7, dqg +8, dw kdqg zh duh qrz deoh wr frqwuro xqvwdeoh htxloleuld
lq fkdrwlf v|vwhpv ri duelwudu| glphqvlrq1 Lq wkh iroorzlqj vhfwlrq zh xvh rxu qglqjv
wr frqwuro wkh fkdrwlf dvvhw sulflqj prgho ri Eurfn dqg Krpphv +4<<;,1
6 Wkh Frqwuro ri wkh Dvvhw Sulflqj Prgho ri Eurfn
dqg Krpphv +4<<;,
Eurfn dqg Krpphv +4<<;, sursrvh dq dvvhw sulflqj prgho zlwk dgdswlyh eholhiv ri khw0
hurjhqhrxv lqyhvwruv1 Fkdrwlf ehkdylru lv lqkhuhqw lq wkhlu prgho iru vshflf sdudphwhu
ydoxhv1 Lq wklv vhfwlrq zh ghprqvwudwh krz wkh fkdrwlf dvvhw sulfh  xfwxdwlrqv fdq eh
vwdelol}hg xvlqj rxu frqwuro phwkrg1
614 Dvvhw Sulflqj Prgho
Zh uhylhz wkh prgho/ uvw1 Lqyhvwruv duh dvvxphg wr lqyhvw lq d ulvn| dqg d ulvn iuhh
dvvhw/ rqo|1 Wkh| kdyh wkh iroorzlqj zhdowk ixqfwlrq
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zkhuh d wlogh ghqrwhv d udqgrp yduldeoh1 *- lv wkh ulvnohvv glvfrxqw idfwru1 R
 
ghqrwhv
wkh sulfh ri wkh vkduhv h{ glylghqg dw wlph | dqg ih+
 
j lv wkh vwrfkdvwlf glylghqg surfhvv1
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lv wkh qxpehu ri vkduhv nhsw lq vwrfn dw wlph |1
Eurfn dqg Krpphv +4<<;, glvwlqjxlvk lqyhvwru jurxsv zlwk glhuhqw ixwxuh eholhiv1
Hdfk jurxs frpsxwhv wkh rswlpdo qxpehu ri dvvhwv lq vwrfn zlwk d phdq yduldqfh
xwlolw| ixqfwlrq
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Wkh rswlpdo qxpehu ri vkduhv ghshqgv rqo| rq wkh sulfh dqg wkh glylghqg surfhvv1
Wkh zhdowk `
 
lq htxdwlrq +:, kdv qr lq xhqfh rq wkh pd{lpl}dwlrq1
Hdfk lqyhvwru jurxs  ' c c  kdv d pdunhw vkduh ri ?
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ghqrwhv wkh vxsso| ri vkduhv shu lqyhvwru lq |1 Iru wkhlu ixuwkhu dqdo|vlv Eurfn dqg
Krpphv +4<<;, dvvxph }hur vxsso| ri rxwvlgh vkduhv 5
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Wr jhw d uvw lpsdfw ri wkh vroxwlrq ri wkh vwrfkdvwlf glhuhqfh htxdwlrq+<, frqvlghu
wkh fdvh ri krprjhqhrxv lqyhvwruv
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Zh dvvxph ixuwkhu wkdw wkh lqyhvwruv kdyh wr jdwkhu frvwo| lqirupdwlrq wr pdnh xs
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Xvlqj wkh glvfuhwh fkrlfh wkhru|  ! Eurfn dqg Krpphv +4<<;, prgho djhqwv* fkrlfh ri
h{shfwdwlrq vwudwhj| e| h{whqglqj htxdwlrq +4:, zlwk d vwrfkdvwlf yduldeoh hD
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Wkh lqwurgxfwlrq ri d vwrfkdvwlf frpsrqhqw kdv wkh remhfwlyh wr pdnh wkh prgho pruh
uhdolvwlf=  Lq d khwhurjhqhrxv frpsoh{ hqylurqphqw wkhuh h{lvwv pruh ghjuhhv ri iuhh0
grp1 hD
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sduw1 " Wkh ?|e?r|+ Js SJSe sdudphwhu q ghwhuplqhv wkh lq xhqfh ri wkh vwrfkdvwlf
frpsrqhqw1 Iru d orz q wkh vwrfkdvwlf frpsrqhqw kdv d odujh lq xhqfh rq wkh shuiru0
pdqfh phdvxuh dqg wkh suhylrxv surwv ri dq h{shfwdwlrq vwudwhj| +49, kdyh doprvw
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Lq d vhfrqg vwhs zh olqhdul}h +55, lq wkh qhljkerukrrg ri wkh {hg srlqw xvlqj wkh
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61514 Ixqgdphqwdolvwv yhuvxv Frqwuduldqv
Zh frqvlghu wkh vlpsoh fdvh zlwk wzr glhuhqw w|shv ri lqyhvwruv/ uvw1 Rqh jurxs
frqvlvwv ri ixqgdphqwdolvwv zkr eholhyh wkh sulfh ghyldwlrq iurp lwv ixqgdphqwdo ydoxh
lq wkh qh{w shulrg zloo eh }hur1 Wkh sdudphwhu ri wkhlu suhglfwlrq ixqfwlrq duh }
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vkrzq lq Iljxuh 41 Zkhq wkh frqwuduldqv grplqdwh wkh pdunhw wkh wudmhfwru| glyhujh
iurp lwv ixqgdphqwdo ydoxh1 Exw li wkh sulfh pryhv wr idu dzd| iurp wkh ixqgdphqwdo
ydoxh wkh ixqgdphqwdolvwv zloo grplqdwh wkh pdunhw/ dqg vwulyh wkh pdunhw sulfh edfn
wr lwv ixqgdphqwdo ydoxh1 Wkh pdunhw grplqdwlrq ri frqwuduldqv dqg ixqgdphqwdolvwv
dowhuqdwh lq d fkdrwlf pdqqhu1 !
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Lq wkh uvw vlpxodwlrq zh dvvxph wkh frqwuro lqvwlwxwlrq fdq kdyh d pd{lpxp
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Dv vkrzq lq Iljxuh 5 d, wkh wudmhfwru| lv frqwuroohg diwhu 55 shulrgv wr lwv vwhdg|
vwdwh   1 Wkh grwwhg olqh vkrzv wkh xqfrqwuroohg wudmhfwru| dqg lq Iljxuh 5 e, zh vhh
wkh qhfhvvdu| frqwuro shuwxuedwlrqv1 Wkh eljjhvw lqwhuyhqwlrq ri wkh frqwuro dxwkrulw|
rffxuv lq shulrg 22= B?
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' ffDD2I1 Ghvslwh ri wkh pd{lpxp pdunhw vkduh ri 4( zh
jhw pxfk vpdoohu lqwhuyhqwlrqv1 Wklv lv fdxvhg e| wkh pdunhw ehkdylru1 Li wkh dvvhw sulfh
glyhujhv wrr idu iurp lwv ixqgdphqwdo ydoxh d jurzlqj qxpehu ri ixqgdphqwdolvwv sxvk
wkh sulfh edfn lq wkh qhljkerukrrg ri   1 Rqo| vpdoo lqwhuyhqwlrqv duh wkhq qhfhvvdu|
wr nhhs wkh wudmhfwru| lq wkh vwhdg| vwdwh1 Qrwh/ wkdw vxffhvvlyh frqwuro lqwhuyhqwlrqv
duh vr vpdoo wkdw wkh| fdqqrw eh vhhq iurp Iljxuh 5 e,1 Krzhyhu/ zlwkrxw wkhvh wlq|
lqwhuyhqwlrqv wkh wudmhfwru| zrxog ohdyh wkh xqvwdeoh vwhdg| vwdwh djdlq1
Wkh lqlwldo ydoxh  
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wkh frqwuro vshhg iru gl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Vxusulvlqjo|/ wkhuh duh vwduwlqj srlqwv forvh wr wkh {hg srlqw/ zklfk kdyh d orqjhu
frqwuro wlph wkdq srlqwv ixuwkhu dsduw1 Dv zh fdq vhh lq Iljxuh 6/ yduldwlrq ri %
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ri 3=338 wr hdfk qhljkerulqj srlqw dqg frpsxwhg wkh frqwuro vxffhvv iru hdfk vwduwlqj srlqw1 Zh
frpsxwhg wkh qxpehu ri shulrgv wkh wudmhfwru| qhhgv wr uhdfk dq %0qhljkerukrrg +% @ 3=34,/ zklfk
lw qhyhu zloo ohdyh1
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Wkh forvhu wkh wudmhfwru| jhwv wr lwv ixqgdphqwdo ydoxh wkh vpdoohu duh wkh shuwxu0
edwlrqv1 Li zh qhjohfw vpdoo lqwhuyhqwlrqv zh fdq lpsohphqw d plqlpxp erxqgdu| lq
wkh frqwuro odz +5;, B?
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Wkh frqwuro dxwkrulw| zdlwv zlwk lwv vwdelol}lqj lqwhuyhqwlrq xqwlo lw h{fhhgv B?
#$%
1 Rqo|
li wkh wudmhfwru| glyhujhv wr idu iurp  ! lw zloo eh gudjjhg edfn1 Dsso|lqj wkh uhylvhg
frqwuro odz +5<, wr rxu h{dpsoh zh jhw lq Iljxuh 7 d, dqg e, wkh vdph frqwuro vxffhvv
dv ehiruh exw lq wkh wlph krul}rq ri 433 shulrgv rqo| gxulqj 8 shulrgv lqwhuyhqwlrqv duh
qhfhvvdu| frpsduhg wr :: zlwkrxw d plqlpxp erxqgdu|1 Rq wkh rwkhu kdqg lq wkrvh
ihz lqwhuyhqwlrq shulrgv kljkhu shuwxuedwlrqv duh qhfhvvdu| wr nhhs wkh wudmhfwru| lq
wkh qhljkerukrrg ri  !1
^Iljxuh 7`
61515 Irxu Eholhi W|shv
Lq d vhfrqg h{dpsoh zh frqvlghu wkh fdvh ri irxu glhuhqw eholhi w|shv= Rqh ixqgdphq0
wdolvw +}
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' f,/ wzr eldvhg wuhqg fkdvhuv +}
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' 	f2,/ dqg rqh sxuh
wuhqg fkdvhu +}
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' f,1 Zh ixuwkhu dvvxph - ' f/ q ' bD/ 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' f dqg
@j ' f1 Iru wkhvh pdunhw vlwxdwlrq Eurfn dqg Krpphv +4<<:d, kdyh irxqg fkdrwlf
sulfh ehkdylru zlwk wkh iroorzlqj Mdfreldq iru wkh xqvwdeoh vwhdg| vwdwh  ! ' f
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Wkh Mdfreldq kdv wzr frqmxjdwh frpsoh{ hljhqydoxhv b
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b 	 fDD dqg rqh
uhdo hljhqydoxh b
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' f1 ! Ehfdxvh ri wkh hljhqydoxhv 4L_b
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kdv d 50glphqvlrqdo xqvwdeoh pdqlirog Z!  U! dqg d 40glphqvlrqdo vwdeoh pdqlirog
Z
"  U1 Wr frqwuro wkh v|vwhp lw lv qhfhvvdu| wr gluhfw wkh wudmhfwru| rqwr wkh vwdeoh
pdqlirog ri wkh vwhdg| vwdwh1 Dv vkrzq lq Dsshqgl{ D14 wkh frpsoh{ hljhqyhfwruv
fdqqrw eh xvhg dv d edvlv1 Zh uhsodfh wkhp e| i 

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dqg i 
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jhw d edvlv iru wkh U" vsdfh1"#
Iurp wkh suhylrxv vhfwlrq zh nqrz wzr frqwuro yduldeohv duh qhhghg li wkh xqvwdeoh
pdqlirog lv 50glphqvlrqdo1 Exw lq rxu h{dpsoh  
#
lv d wlph ghod| yhfwru1 Lq shulrg |
rqo| wkh uvw frruglqdwh ri wkh yhfwru  
#
fdq eh gluhfwo| lq xhqfhg e| d shuwxuedwlrq1
Wkh vhfrqg dqg wklug frruglqdwh duh douhdg| ghwhuplqhg lq |1 Rq wklv dffrxqw zh kdyh
wr gluhfw wkh wudmhfwru| gxulqj wzr shulrgv rq wkh vwdeoh pdqlirog1 Lq wklv fdvh rqo|
rqh frqwuro yduldeoh lv vx!flhqw1
Zlwk d vlplodu frqwuro dxwkrulw| dv lq wkh uvw h{dpsoh/ wkhuh lq xhqfh ri wzr
vxffhvvlyh lqwhuyhqwlrqv rq wkh wudmhfwru| lv jlyhq e|
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Wr hqvxuh wkdw wkh wudmhfwru| lv rq wkh vwdeoh pdqlirog lq |n2 wkh frqglwlrqv u
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' f kdyh wr krog1 Wklv ohdgv wr wkh iroorzlqj olqhdu htxdwlrq v|vwhp zklfk
kdv wr eh vroyhg iru wkh shuwxuedwlrqv B?
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duh dq ruwkrjrqdo edvlv ri U"1 Wklv edvlv fruuhvsrqgv zlwk lwv frqwudyduldqw edvlv1
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Xvlqj htxdwlrq +58, zh jhw wkh yhfwru 
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Zh qg/ wkdw zlwk wkh uhvwulfwlrq ri srvlwlyh pdunhw lqwhuyhqwlrqv +B?
 !"
: f, zh gr qrw
jhw dq| frqwuro vxffhvv1 Rqo| li qhjdwlyh pdunhw vkduhv +vkruw vhoolqj, ri wkh frqwuro
dxwkrulw| duh doorzhg/ wkh fkdrv frqwuro lv srvvleoh1 Iljxuh 8 d, vkrzv wkh frqwuroohg
wudmhfwru| zlwk dq lqlwldo ydoxh  
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dqg B?
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^Iljxuh 8`
Diwhu 4; shulrgv wkh ixqgdphqwdo ydoxh lv vwdelol}hg1 ! D forvhu orrn rq wkh shuwxued0
wlrqv lq Iljxuh 8 e, pdnhv lw reylrxv zk| qhjdwlyh pdunhw vkduhv duh qhfhvvdu|= Wkh
shuwxuedwlrqv fkdqjhv lwv vljq hyhu| shulrg1 Wkhuhiruh B?
 !"
dqg B?
 !"$
/ frpsxwhg zlwk
wkh htxdwlrq v|vwhp +66,/ zloo qrw ixooo wkh frqglwlrqv B?
 !"
: f dqg B?
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: f1
Dv lq wkh h{dpsoh ehiruh/ lqwurgxflqj d plqlpxp lqwhuyhqwlrq ri B?
!&'
' ffI/
wr uhgxfh wkh qxpehu ri frqwuro lqwhuyhqwlrqv/ ohdgv wr wkh vdph frqwuro uhvxow/ dqg wr
dq lqfuhdvh lq wkh fxpxodwhg shuwxuedwlrqv1
Ilqdoo| zh lqyhvwljdwh djdlq wkh frqwuro vshhg iru glhuhqw lqlwldo ydoxhv1 Dv lw fdq
eh vhhq lq Iljxuh 9 pruh jurxsv ri glhuhqw lqyhvwru w|shv ohdg wr d kljkhu vhqvlwlylw|
ri wkh frqwuro vshhg rq wkh vwduwlqj ydoxhv= Douhdg| vpdoo yduldwlrqv ri wkh lqlwldo ydoxh
fdq fkdqjh wkh frqwuro vxffhvv gudpdwlfdoo|1 Iljxuh 9 uhyhdov d v|pphwu| ri wkh frqwuro
vshhg zlwk uhvshfw wr wkh {hg srlqw   1
^Iljxuh 9`
7 Vxppdu|
Lq wklv sdshu zh uvw kdyh vkrzq krz wkh fkdrv frqwuro phwkrg ri RJ\ fdq eh h{0
sdqghg wr vwdelol}h qrw rqo| vdggoh srlqwv lq wkh U vsdfh exw dovr dq| xqvwdeoh htxl0
 !Wkh grwwhg olqh vkrzv djdlq wkh xqfrqwuroohg wudmhfwru|1
4;
oleulxp lq wkh U vsdfh/ hpehgghg lq wkh vwudqjh dwwudfwru1 Zlwk rxu phwkrg wkh
wudmhfwru| lv gluhfwhg rq wkh vwdeoh pdqlirog ri wkh htxloleulxp1 Li qr vwdeoh pdql0
irog h{lvwv/ zh frqwuro wkh wudmhfwru| vwudljkw lqwr wkh htxloleulxp1 Ghshqglqj rq wkh
glphqvlrq ri wkh xqvwdeoh pdqlirog zh jhw d olqhdu htxdwlrq v|vwhp wr frpsxwh wkh
frqwuro lqwhuyhqwlrqv1
Zh dssolhg rxu frqwuro phwkrg rq wkh dvvhw sulflqj prgho ri Eurfn dqg Krpphv
+4<<;,1 Wklv prgho h{sodlqv fkdrwlf sulfh pryhphqwv hqgrjhqrxv e| khwhurjhqhrxv
pdunhw sduwlflsdqwv dqg wkhlu dgdswlrq srolf|1 Li vxfk fkdrwlf sulfh ehkdylru h{lvwv d
frqwuro dxwkrulw| lv deoh wr vwdelol}h wkh pdunhw sulfh1 Lq rxu uvw h{dpsoh zlwk wzr
lqyhvwru jurxsv wkh frqwuro dxwkrulw| zdv deoh wr sxvk dq| fkdrwlf sulfh wudmhfwru|/
forvh wr wkh htxloleulxp sulfh/ zlwk wkhlu ghpdqg ru vxsso| iru wkh ulvn| dvvhw gxulqj
rqh shulrg rqwr wkh vwdeoh pdqlirog ri wkh htxloleulxp1 Lq d pruh frpsoh{ pdunhw
vwuxfwxuh zlwk irxu lqyhvwru jurxsv wzr vxffhvvlyh pdunhw lqwhuyhqwlrqv zhuh qhfhvvdu|
iru wkh frqwuro/ gxh wr wkh glphqvlrq ri wkh xqvwdeoh pdqlirog ri wkh htxloleulxp1
Lq d fkdrwlf pdunhw hqylurqphqw qr orqjhu elj lqwhuyhqwlrqv duh qhfhvvdu| wr frqwuro
huudwlf sulfh  xfwxdwlrqv1 Xvlqj wkh surshuwlhv ri fkdrwlf v|vwhpv vpdoo lqwhuyhqwlrqv
duh vx!flhqw iru d frqwuro dxwkrulw| wr vwdelol}h dq| xqvwdeoh htxloleulxp1
D Dsshqgl{= Ghulydwlrq ri wkh Frqwuro Uxohv
Wr ghulyh wkh frqwuro uxohv zh glvwlqjxlvk wzr fdvhv=
Fdvh 4= Wkh xqvwdeoh {hg srlqw srvvhvvhv d 60glphqvlrqdo1
Fdvh 5= Wkh {hg srlqw srvvhvvhv dq ?0glphqvlrqdo xqvwdeoh pdqlirog dqg qr vwdeoh pdq0
lirog1
D14 Wkh Htxloleulxp kdv d Vwdeoh Pdqlirog
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Qrz wkh frqwuro wdujhw lv wr gluhfw wkh wudmhfwru| rq wkh vwdeoh pdqlirogZ" xvlqj ?
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#
1 Wkh lq xhqfh ri wkh sdudphwhu vkliwv BR
#$!
fdq eh lqfrusrudwhg
lq htxdwlrq +67, yld wkh yhfwruv 
#
zklfk frqwdlq wkh ghulydwlyhv ri u zlwk uhvshfw wr
R
#
 !

#
'
3EEEC
%&

%'
 
111
%&
!
%'
 
4FFFD 
Zh jhw wkh iroorzlqj htxdwlrq
{ 
!!
'
 [
("
Eu  
(
{ 
!
i

b
(
n
 !)[
#"

#
BR
#$!
+68,
Wr eh rq wkh vwdeoh pdqlirog lq shulrg | n / { 
!!
kdv wr eh ruwkrjrqdo wr wkh
frqwudyduldqw edvlv yhfwruv u
)!
u
 
u  
)!
{ 
!!
' u  
)!#
{ 
!!
'  ' u  
 
{ 
!!
' f
Zh jhw wkh iroorzlqj olqhdu htxdwlrq v|vwhp iru BT
 
!
' EBR
#$!
 BR
 !)$!
59997
b
)!
f
1 1 1
f b
 
6:::8
$$ !)%"$ !)%%
59997
u  
)!
111
u  
 
6:::8
$$ !)%" %
{ 
!
$ "%
'
59997
u  
)!
111
u  
 
6:::8
$$ !)%" %
k


   
 !)
l
$ "$ !)%%
BT
!
$$ !)%"%
+69,
ru vlpso|
6{ 
!
' 6`BT
!

  Iurp wkh ghqlwlrq ri wkh frqwudyduldqw edvlv +vhh irrwqrwh :, lw iroorzv lpphgldwho|= d
 
@ i  
 
{
 
>
l @ 4> ===> q1
 !Iru d vxffhvvixo frqwuro wkh yhfwruv z
!
pxvw eh lqghshqghqw1
53
Wklv ohdgv wr wkh iroorzlqj frqwuro uxoh=
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Doo frpsrqhqwv ri wkh yhfwru BT
 
kdyh wr eh vpdoohu wkdq wkh fruuhvsrqglqj frpsrqhqwv
ri wkh yhfwru BT
!"#
ehiruh wkh frqwuro lv vwduwhg1
Wloo qrz zh dvvxphg doo hljhqydoxhv wr eh uhdo1 Li krzhyhu wkh Mdfreldq srvvhvvhv
& frpsoh{ hljhqydoxhv/ wkh fruuhvsrqglqj frpsoh{ hljhqyhfwruv fdqqrw eh xvhg dv
edvlv yhfwruv iru wkh vwdwh vsdfh U!1 Wr ghqh d edvlv iru U! wkh frpsoh{ hljhq0
yhfwruv kdyh wr eh uhsodfhg e| uhdo yhfwruv i 
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j wrjhwkhu zlwk wkh uhdo hljhqyhfwruv1
Wr gluhfw wkh wudmhfwru| rq wkh 60glphqvlrqdo vwdeoh pdqlirog zh xvh wkh fruuh0
vsrqglqj frqwudyduldqw edvlv dqg frpsxwh
{ 
 $
'
"[
#%
Eu !
#
{ 
 
ai 
#
n
![
#%"$
Eu !
#
{ 
 
i
#
b
#
n
!"$[
%%

%
BR
%& 
 +6;,
Lq wkh uvw whup ri htxdwlrq +6;, a fdqqrw eh vxevwlwxwhg e| b
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duh qr hljhqyhfwruv ri a1 Vlplodu wr htxdwlrq +69, zh jhw wr wkh iroorzlqj olqhdu v|vwhp
wr vroyh iru wkh E?60wxsoh BT
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D15 Wkh Htxloleulxp kdv qr Vwdeoh Pdqlirog
Li wkhuh h{lvwv qr vwdeoh pdqlirog wkh wudmhfwru| kdv wr eh gluhfwhg vwudljkw lqwr wkh
{hg srlqw1 Wr frqwuro wkh wudmhfwru| lq wkh {hg srlqw zh qhhg ? sdudphwhuv R
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Uhihuhqfhv
Dqghuvrq/ V1 S1/ D1 gh Sdopd/ dqg M10I1 Wklvvh +4<<5,= Glvfuhwh Fkrlfh Wkhru|
ri Surgxfw Glhuhqwldwlrq1 PLW/ Krqj Nrqj1
Ehqkdele/ M1/ dqg U1 K1 Gd| +4<;5,= D Fkdudfwhul}dwlrq ri Huudwlf G|qdplf lq
wkh Ryhuodsslqj Jhqhudwlrqv Prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/
7/ 6:881
Eurfn/ Z1 D1/ dqg S1 gh Irqwqrxyhooho +5333,= H{shfwdwlrqdo Glyhuvlw| lq
Prqhwdu| Hfrqrplhv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ +57,/ :58:8<1
55
Eurfn/ Z1 D1/ dqg F1 K1 Krpphv +4<<:d,= Prgho ri Frpsoh{lw| lq Hfrqrplf
dqg Ilqdqfh/ lq V|vwhp G|qdplfv lq Hfrqrplf dqg Ilqdqfldo Prghov/ hg1 e| E1 K1
Fkulvwldq Khlm/ Kdqv Vfkxkpdfkhu/ dqg N1 Suddjpdq/ ss1 6771 Mrkq Zloh| ) Vrqv/
Fklfkhvwhu2Hqjodqg1
+4<<:e,= D Udwlrqdo Urxwh wr Udqgrpqhvv/ Hfrqrphwulfd/ 98+8,/ 438<
43<81
+4<<;,= Khwhurjhqhrxv Eholhiv dqg Urxwh wr Fkdrv lq d Vlpsoh Dvvhw Sulflqj
Prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55/ 456845:71
Fklduhood/ F1/ dqg [10]1 Kh +4<<<,= Khwhurjhqhrxv Eholhiv/ Ulvn dqg Ohduqlqj lq
d Vlpsoh Dvvhw Sulflqj Prghoo/ Zrunlqj sdshu/ Vfkrro ri Ilqdqfh dqg Hfrqrplfv/
Xqlyhuvlw| ri Whfkqrorj|/ V|gqh|1
Gd|/ U1 K1 +4<;6,= Wkh Hphujhqf| ri Fkdrv iurp Fodvvlfdo Hfrqrplf Jurzwk/ Wkh
Txdwhuo| Mrxuqdo ri Hfrqrplfv/ <;+5,/ 5345471
Gd|/ U1 K1/ dqg Z1 Kxdqj +4<<3,= Exoov/ Ehduv dqg Pdunhw Vkhhs/ Mrxuqdo ri
Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ ss1 5<<65<1
Gh Irqwqrxyhooh/ S1 +4<<9,= Lqirupdwlrq G|qdplfv lq Ilqdqfldo Pdunhwv/ Zrun0
lqj sdshu/ Ghsduwphqw ri Hfrqrplfv/ Lrzd Vwdwh Xqlyhuvlw|1
Jduilqnho/ D1/ P1 O1 Vsdqr/ Z1 O1 Glwwr/ dqg M1 Q1 Zhlvv +4<<5,= Frqwuroolqj
Fdugldf Fkdrv/ Vflhqfh/ 58:/ 456345681
Jdxqhuvgruihu/ D1 +5333,= Hqgrjhqrxv Ioxfwxdwlrqv lq d Vlpsoh Dvvhw Sulflqj
Prgho zlwk Khwhurjhqhrxv Djhqwv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/
57/ :<<;641
Jrhuhh/ M1 N1/ dqg F1 K1 Krpphv +5333,= Khwhurjhqhrxv Eholhiv dqg wkh Qrq0
olqhdu Frezhe Prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ +57,/ :94:<;1
56
Judqgprqw/ M10P1 +4<;8,= Rq Hqgrjhqrxv Frpshwlwlyh Exvlqhvv F|fohv/ Hfrqr0
phwulfd/ 86+8,/ <<843781
Kro|vw/ M1 D1/ W1 Kdjho/ J1 Kddj/ dqg Z1 Zhlgolfk +4<<9,= Krz wr Frqwuro
d Fkdrwlf Hfrqrp|B/ Mrxuqdo ri Hyroxwlrqdu| Hfrqrplfv/ 9/ 64751
Nddv/ O1 +4<<;,= Vwdelol}lqj Fkdrv lq d G|qdplf Pdfurhfrqrplf Prgho/ Mrxuqdo
ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ 66+607,/ 6466651
OhEdurq/ E1 +4<<<,= Hyroxwlrq dqg Wlph Krul}rqv lq dq Djhqw Edvhg Vwrfn Pdu0
nhw/ Zrunlqj sdshu/ Judgxdwh Vfkrro ri Lqwhuqdwlrqdo Hfrqrplfv dqg Ilqdqfh/
Eudqghlv Xqlyhuvlw|1
Oruhq}/ H1 Q1 +4<96,= Ghwhuplqlvwlf qrq0shulrglf  rz/ Mrxuqdo ri Dwprvskhulf
Vflhqh/ 53/ 4634741
Pd|/ U1 P1 +4<:9,= Vlpsoh Pdwkhpdwlfdo Prghov Zlwk Yhu| Frpsolfdwhg G|qdp0
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